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Leaving the BPS bound: Tunneling of classically saturated solitons
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We discuss quantum tunneling between classically Bogomol'nyi-Prasad-SomméBiSsaturated soli-
tons in two-dimensional theories with'=2 supersymmetry and a compact space dimension. Genuine BPS
states form shortened multiplets of dimension two. In the models we consider there are two degenerate
shortened multiplets at the classical level, but there is no obstruction to pairing up through quantum tunneling.
The tunneling amplitude in the imaginary time is described by instantons. We find that the instanton is nothing
but the 1/4 BPS saturated “wall junction,” considered previously in the literature in other contexts. Two
central charges of the superalgebra allow us to calculate the instanton action without finding the explicit
solution (it is checked, though, numerically, that the saturated solution does.e®ist present a quantum-
mechanical interpretation of the soliton tunneling.
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[. INTRODUCTION effective supersymmetricSUSY) quantum mechanics; how-
ever, the general construction presented there, is not very
Bogomol'nyi-Prasad-Sommerfiel(BPS saturated topo- transparent. Here we reduce the construction of Rgfto a
logically stable solitons in supersymmetric theories aresimple limiting case which nicely illustrates the essence of
widely discussed at present in connection with the branéhe phenomenon.
world scenariog1,2]. In theories with compact spatial di-  The organization of the paper is as follows. In Sec. Il we
mensiorts), two distinct degenerate mass solitons which arformulate the problem and elaborate general aspects of the
BPS saturated classically, and to any finite order in pertursolutions. In Sec. Il a specific instructive example is consid-
bation theory, can mix nonperturbatively, thus lifting the ered. Section IV is devoted to SUSY quantum mechanics.
BPS bound. Two shortened supermultiplets pair up with each
other combining in one full supermultiplet with mass
>|Z|, whereZ is the central charge of the superalgebra. This [l. FORMULATION OF THE PROBLEM
phenomenon is an anald@m the soliton sectgrof the spon- AND GENERAL RESULTS
taneous breaking of supersymmetry due to instantons in the
vacuum sectof3,4]. To the best of our knowledge it was
first considered in the context of/=2 two-dimensional
Wess-Zumino models ifb].
In this work we address the issue of calculating the shif
M—|Z|. In the quasiclassical approximation, it is propor-
tional to the tunneling probability which, in turn, is deter-

mined by instantons. Remarkably, the instanton calculus in Consider a two-dimensional/=2 Wess-Zumino model

this case is nothing but an adaptation of the theory of thé)f one chiral sgperfieldb with the_superpotentia]/_V((D)._
t,_A\ny model of this type can be obtained as a two-dimensional

BPS saturated wall junctions, which also received much & reduction of the corresponding four-dimensional theory. The
tention recently[6—12). In particular, the instanton action P 9 . .
eometry of the world sheet is a cylinder. As explained in

can be derived from the central charges. The explicit formul . 4 S
for the instanton solution is not needed. The only thing Wi?/], for the existence of the BPS solitons it is necessary that

need to know is the very fact of its existence. This is in (¢) is a multibranch functiomot.herwisg the vanishing of
perfect parallel with the standarghonsupersymmetrjcin- the central Chﬁfgz :an{;]ot be avmdédv(\;hllef?_)/_v/ do mL(st_t
stantons: once one knows that the self-duality equations ha\Ree meromorphic. Another necesse(_qn su icient condr-
a solution, the instanton action is unambiguously fixed intion for the topologlcally_ stable solitons is the existence 9f
terms of tk’Ie topological charge noncontractable cycles in the target space. One of the sim-
: j - o lest choices is a target space with the topology of a cylin-
In Ref.[5] it w rved that th liton mixing, result- P . . . .
ef. [5] it was observed that the solito g, result ﬂer, possibly with punctured points. Then the period3\of

ing in the loss of the BPS saturation, can be described by aare the central charges of the SUSY algebra,

Classically BPS saturated soliton supermultiplets which
may become degenerate in mass with some other supermul-
tiplets and lift the BPS bound because of a nonperturbative
mixing, is a rather general feature of various theories. Al-
hough our results are applicable in all cases, we find it con-
venient to explain the problem in a specific setting.
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FIG. 1. (8 The general singularity structure of the quantity U : :
dWIid® in the complexd plane;(b) the critical trajectories corre- Emin T ‘: - : : :
sponding to infinite periods. I I ) I
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wherenc; stands for theth noncontractable contour in the I I, o
target space.

If there is at least one noncontractable cycle, one can
always defined in such a way thatlV is periodic FIG. 2. The period functioth versusl.

AW(P +27) =dW(D). (20 —watl|l,, orl1l,,, wherel,,, mark the critical trajec-

ories running close to the nearest poles/gffrom the left

This particular parametrization is not crucial, and is imposecilnd from the righfFig. 1(b)]. A schematic plot of the func-
only for the purpose of making the presentation simpler. The[ion I(1) is presented Iin Fig. >

poles ofdW/d® are assumed to be single poles; quadratic If the circumference of the worldsheet cylinder1 .,

and higher-order poles can be treated as a limiting case %en the equatioh(1)=L has an even number of solﬁ%ns
coinciding single poles. A generic singularity structure OfThe corresponding valued; belongs to the interval '
dWId® is depicted in Fig. (a), where the poles are marked (I,1.1,.), while ®, (x), i:1,|2,...,21/ are the classical BPS

by bold dots. The Kaler potential is taken to be trivial, . o S .
— = solutions satisfying Eq(4) and the periodicity condition
K(@, ) =DP. . D, (x+L)=, (x)
Consider the cycld';, for which g A2 o _
In the case at hand they have particle interpretation. Al-
dw together, we have i2supermultiplets, each containing two
ZFZL do ao ) () states. All masses are degenerate and equal;to
! The BPS nature of the solitons established above at the
If Z,=|Z4|e;s, then the equation for the static BPS soliton classical level persists to any finite order in perturbation
has the form theory(this statement assumes that there is a small expansion
parameter in the superpotential and/or thenl€a function.
vy Alternatively, one can say thavBPS solitons remain under
do  _dw . o
—=e— (4)  small deformations of the parameters. This is due to the fact
dx dd that the number of states in the supermultiplet is two, while
the full N=2 supermultiplet contains four states. The BPS
This equation admits the “integral of motion,” supermultiplets are shortened.
s It is equally clear, however, that nonperturbatively the
I=Im(e ""W), (5 BPS saturation of the solitons under consideration is lifted,
. — ~ they pair up to formw full supermultiplets which lift the BPS
l.e., dl/dx=0 WhenW andW al‘.e e.Valua.ted on the solution bound. This was noted |[‘5], where arguments were given
of Eq. (4). The existence of this integral of motion allows phased on the Cecotti-Vafa-Intriligator-Fendly ind€x3].
one to find the BPS solution in the general c4S&¢ The  Ouyr task here is to calculatel —|Z,| in the quasiclassical
strategy is as follows. We first ignore that the world sheet iSapproximation [which implies of course that M
a cylinder with period. in thex direction, and solve the BPS  _|7 |)/|z,|<1].
equation without posing the condition of periodicitp,(x The BPS saturation is lifted by tunneling. Consider for
+L)=®(x). The solution found in this way is marked by simplicity the case when Eq4) has only two solutions,
the continuougrea) parametei, and is a periodic function D, (X)=¢1(x) and ®, (x)=¢,(x). One can construct an

of x with period interpolating field configuratiorp(t,x) (wheret is the Eu-

ey -1 clidean time such that in the distant past
)= [ aa| &= ©®)
ddo = = t=—T/2——»
P B(tX) —— ha(X), W)

The period functiori(l) is real and positive. It is not difficult
to show that there exist critical values bfsuch thatl(l) and in the distant future
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t=T/2—x

(t,X) —— ¢a(X), 8

The interpolation is smooth[in particular, ¢(t,x+L)
= ¢(t,x) for all t], so that theEuclidean actionA

ALp(t0)]-|Z|T ©) oy

is finite. Here|Z| is the soliton mass in the absence of the
tunneling. The quasiclassical formalism is applicable pro-
vided A—|Z|T> 1. One must minimize over all interpolating
trajectories; once the trajectogy,(t,x) corresponding to the
minimal action is found, one can calculate

AAmin=Al ¢o(t, )] = |Z]|T. (10

The shift of the soliton masses from the BPS bound is then FIG. 3 Th? energy distribution corresponding to the interpolat-
Ing configuration; the unshaded area has the “vacuum” energy

density.
|

(\YA g dw d¢p dW

The central result of the present work is as follows. The :f dt dx( 2—- —_> ( 2—- —) +surface terms.
determination of the minimizing trajectorgy(t,x) (in the 9% do ¢
Euclidean time reduces to the problem of determining the (13
BPS wall junction in the (% 2)-dimensional theory, in
which the (1+1)-dimensional model under consideration is
embedded. The embedding is trivial. Indeed, if the original

model is a (1+ 1)-dimensional slice of the four-dlmensmnallgous to the instanton self-duality equation in the Yang-Mills

e e o v e o A0 e vi-dimensiona(3) igna model,where e
y ' surface terms are topological charges.

remark it is clear that the formalism we discuss is applicable, In the supersymmetric model under consideration the sur-

generally speaking, in the supersymmetric theories with ex: . -
tended supersymmetn\(=2 or A'=4). In fact, since the face terms are proportional to two distinct central charges

solitons—the “walls” and “wall junctions’—are static, we which exist in the superalgebfd0]. One central charge is

will have to deal with one- and two-dimensional broblems related to the junction “spokes.” In fact, this was discussed
respecively P ‘above, see Eq.l). Another central charge is related to the

The energy distribution for the interpolating confi urationjunCtion “hub.”

£ i gﬁ/ tically depicted i F'p 3 Itg' tr?' but In what follows we will assume the circumference of the
bo(t.X) is schematcally depicted in Fig. o. [t1S nothing but 44 gheet cylinder to be large. This is sufficient to ensure
an adaptation of the standard four-wall junction on the cyl-

) . . 77 the applicability of the quasiclassical approximation.
E‘;Se;hvgigfmsmet' The equation for the BPS wall junction In the quasiclassical limit — oo the central charge related

to the junction is subdominant. From Fig. 3, it is evident that
at L—o0 the minimal action is

AM=M —|Z|ce™ 22 Amin, 11
d¢

ot

2 ad)

ax

2+ W
de

A=f dtdx(
where the factor of 2 in the exponent is due to the fermion
zero modes. We will comment more on this factor in Sec.

The surface terms are unambiguously fixed by the boundary
conditions, Eqs(7) and(8), and by the periodicity condition
@(t,x+L)=¢(t,x). Thus, the construction is quite analo-

dp 1dw

=-—, (12 AAnpin=Lo, (14
I 2dg . . .
whereo is the tension of the horizontal “wall,”
where { is the complex variablé'=x+it, and d,=1/2(d o=2(l,,—1,)). (15

—idy). The solution to this equation, if it exists, is 1/4 BPS

saturated. Equatiofil2) was first derived iM14]. The fact The effect of the “hub” is subdominant, it is proportional to
that the solution of Eq(12) minimizes the Euclidean action L° and may be of the same order as the pre-exponential
is quite obvious. Indeed, factors due to the zero modes. Thus,
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transformation. Solutions i, are mapped to solutions in
I'; and vice versa. The solutions in all homotopy classes
have an equal period,

8m?
AW=——. (20)
V3
As explained in Sec. Il, the constant of motidn

=Im(W) (remember,d=0) may be used to mark all solu-
tions to the BPS equation. The BPS solitons in homotopy
classI', and I'; are obtained forle(—o,l,;) and I

e(l4,,t+), respectively, withl,,=—1. and |, ,=+I,
and
FIG. 4. The target space of the model. The three types of non- 8 1
contractable cycles are indicated By andI", andT'5. IC:EarCtanh‘/_j' (21

— —4( —1, L
e Mharm i, 16 . . .

M=z] (16 The classically BPS saturated solitons in homotopy dass

In the next section we will consider a concrete model, which'€ obtained fot e (l,,1,,). The period functiori(l) was

seems to present an instructive example. In this particulap!otted in Ref.[S]; this function is positive, it is symmetric
model we calculate foAA.. both the linear term if. and under reflection in =0, and it monotonically increases from
min [

for the sake of completeness, the next-to-leading term asso(1)10 atl——co tol—o atlfl,,. Betweenl=I,, and|

ciated with the(1/2,1/2 central charge, the “hub.” The re- = !«r. the period function reaches a minimum valeel for
mainder of the paper presents an illustration and elaboratioh=0, Where the classically BPS saturated soliton is real.
of the above general results. For a given circumferenck of the compact dimension,

the allowed solitons with winding numbed are obtained
from the equatiorNI(I)=L. The energy of BPS saturated
solitons is independent a@f and given by

In this section we apply the previous considerations to a

Ill. AN (INSTRUCTIVE ) EXAMPLE

specific model which was first introduced [B]. We con- 16N 72
sider a generalized Wess-Zumino model for which Megps=|Z|= ;3 (22
/C(cp,cf):q)q_), dw= am do, (17) In this paper we explicitly discuss solitons with winding
2—cosd numberN=1, but the results can be trivially extended to

) ) ] ) arbitrary values ofN. In the present model, there are two
whered)V/d® is a single-valued function derived from the gpg saturated solitons lf<1, one in homotopy clask,

multivalued superpotential and one in['5. If L>1 there are four classically BPS satu-
rated solitons, two in homotopy clabs and one each i,
W=7 arcta v3 tans g 2dls
3 arcta ans |- It turns out that for practical purposes, it is convenient to

mark the clasd’; solitons by the quantity, the imaginary
The model possesses only a run-away vaciiumi)|—. It ~ Part of ¢ when the real part of is equal tor. There is a one
is stabilized by solitons, which at the classical level are sol0 one correspondence betwegrand| that takes the form
lutions to the BPS equation given by Ed).
The target space has the topology of a cylinflers 87 1 B
<Itm(;ﬁ_)|<+oo,—7rsRe(¢)S7r], with the poles of the scalar 1= Earctan ‘/—gtanhg : (23
potential,

_ so that for the critical solitonB(*1.;)— *%, andB=0 for
(¢)12= xil0g(2+V3), 19 -o.

removed. Each soliton solution belongs to one of three ho-
motopy classes]’y, I',, and I'3. Solutions inT"; wind
around the target space cylinder, whereas solutiohs iand Even though there are no BPS solitons in homotopy class
I'; wind around the points that are removed from the targel’; whenL <1, this does not preclude the existence of non-
space(see Fig. 4. Each solution id"; has a mirrorimage in BPS solitons in the same homotopy class. The energy of
the real axis of the compleg plane that belongs to the same such objects is above the BPS bound, but they are static and
class, except for a real soliton, which is invariant under thisopologically stable.

A. Non-BPS solitons forL<1
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FIG. 5. (a) Energy of the real, non-BPS soliton as a function of the circumferermmfethe compact dimension; the BPS bouidéshed
line), the analytical approximatioll ;,= U + K for smallL (solid line), and the actual numerically calculated soliton m@ksxts are shown.
(b) Energy of the sphaleron, the real, unstable solitonLforl as a function of the circumferenteof the compact dimension; the BPS
bound(dashed ling the linear analytical approximation fdd ¢, for largeL (solid line), and the actual numerically calculated sphaleron
mass(dotg are shown.

To address this issue we study static solitons to the B. Sphaleron for L>1

second-order equations of motion. The kinetic energy is g req) static solution of the second-order equation of
minimal for the shortest path in the compléxplane, which * qtion persists even fdr>1. In this regime, the soliton is

means straight lines connecting equivalent points. In addiynstable and we will refer to it as a sphaleron, by analogy
tion, the scalar potential has a saddle point at the origin in thg i1, the sphaleron in the Yang-Mills theofg5]. As in the
target space and has ridges originating from this saddle po'Wang-Mills theory, the sphaleron mass in our problem will

on the real axis. This means that there is a static real SOI”tiOine the height of the barrier under which the solitahis
to the_second—order equation of motion for any valueof 4, nels into(r) and vice versa. Because the solution is real,
ForL=1 such a solution saturates the BPS bound. For ¢ second-order equation of motion with vanishing time de-

<1, the kinetic energy dominates and the total energy i§jyative can be integrated. In fact, the equation of motion is
minimized by the straight line on the real axis in the compleXgenical to the equation describing the one-dimensional mo-

¢ plane. Moreover, there are no BPS saturated solitons of the,, ot 4 particle moving in the potentiatV(x). The im-
same homotopy class in this regime; the real soliton is Stablﬁlicit solution for ¢ is

because there is nothing to decay into. Eor1, the kinetic
energy does not dominate any more; there are other static
solutions that are not straight lines in the complgyplane
that actually have lower total energy, the BPS saturated com-

plex solitons. In this regime, the real soliton is unstable. We . . . .
will discuss it in the next section. whereV, is an integration constariequivalent to the total

For L<1, the real non-BPS soliton is approximately energy of the particle The solutiong(x) is periodic modulo

given by _277 with wavelengthl (V). The constani/ .has.to be ad-
justed so that the wavelength of the soluti@vhich corre-

sponds to the “time” it takes for the particle to move around
the circle is equal to the circumferende of the compact
dimension, that i$(Vy) =L. This equation has one solution
for any positive value of.. The method to determin¥, is
similar to the procedure that was used to seldaantthe case
of the BPS solitons. The energy of the real soliton/sphaleron

X—Xo= f0¢d o/ \/V( 0)+V0, (27)

=27, (29

wherex ranges between-L/2 andL/2. For this configura-
tion, the kinetic energy is given by

is equal to
L2 (2m\? 4x?
K:f dX(T _T, (25) o
—L/2
M sphai= f_ d¢p2yV(¢)+Vo—Vol. (28)
while the potential energy is
This energy can be explicitly determined in various limits.
L2 1672 39| 772 For Vo>0, the real soliton of the previous section is ob-
= f, L/zdx(z—cos TR (26) tained, withyVo=2/L (this corresponds to a particle with

so much kinetic energy that it hardly notices the poteptial
whereas foV ;=0 the solution is equal to the real BPS satu-
For L<1, the energy of the soliton therefore approachesated soliton withL=1 and energy equal to the BPS bound.
M¢o=U+K. In Fig. 5a we show the BPS bound and the WhenVj is close to minus the minimum value of the poten-

approximate soliton energy for smadll together with the
numerically calculated energy of the non-BPS soliton.

tial, Vo~ — 167%/9, thenL>1 and the energy increases lin-
early inL,
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" 8772+167T| \/3+1+167T2L+ 29 tA
ha=—— _ Og e _ _ " _
shal™ 273 Y31 9 ¢ =—-m+1B(L) (r)Soliton ¢ =7+ 1B(L)

T2

where the ellipsis indicate terms that vanish in the liinit
—oo, (This last situation corresponds to a particle with just
barely enough energy to reach the top of the)hillln Fig.

5(b) we show the mass of the BPS saturated soliton and the
approximate sphaleron energy for largein Eqg. (29), to-

_L/2

gether with the actual numerically calculated energy of the xz
sphaleron. L/2

C. The tunneling action

For any valud_>1, there are four classical BPS saturated
solitons, two in clasd’; and one each in clads, andI';.
The two solitons in clask'; are marked by values @& that
have the same magnitude but opposite sign. They are ,
mapped onto each other in the complgyplane by reflection ¢ =
in the real axis. In order to distinguish these two solitons, we FIG. 6. Boundary conditions on the world sheet. The iniia
will refer to them as thel) soliton whenB is negative, and 2 0 : - LS
the (r) soliton whenB is positive. Tunneling mixes the two anc(i;ngallle(r;tfglIto?/sza;icliotc—atTe/g a\t/vti?he ttl?](;tt(é?n;r:‘d(;]‘()Ft)hzld:;e?;;he
gs;iih?gggsbgﬂga a.f.hi%?;;;gﬂg?zeég]gIrs(;n”?;:slzgﬂegiansity positioned at=0. Periodic(modulo 27) boundary condi-

- T : tions apply to the left and right side of the rectangle. The shaded

not mix; the tunneling action is infinite since the cycle would area significantly contributes to the action
have to be moved across the polsse Fig. 4; but the(l) '
and the(r) solitons can be deformed into each other without
crossing a pole. The energy barrier that separates them is Agps=2 i; S.di— % a.dx. (32
therefore finite, see Fig. 5. In addition, las-1 the barrier is
high, and the quasiclassical approximation is applicable. Ac-
cording to our previous considerations, the two shorteneg?
supermultiplets pair up to form a full representation, and th
mass is lifted from the BPS bound.

I
U
I
1
I
I
I
|
1
I
1
I
—_——eH .- - - - - - Femmee-- - —
1
1
I
I
I
|
I
1
|
1
|
1

—m—B(L) (I Solliton ¢ =m—1B(L)

As noted in Sec. Il, this is the same equation derived in
ef. [10] for the BPS bound on the energy of domain-wall
G]’unctions. In the first integral in Eq32), di is an infinitesi-
mal vector perpendicular to the contour with lengt|,
pointing outwards from the enclosed area. In the second in-
tegral,dX is an infinitesimal vector tangential to the contour,
Here we will derive the BPS bound on the tunneling ac-and the contour must be followed counterclockwise.
tion for the specific model under consideration using the The problem of calculating the Euclidean action is there-
methodology outlined in Sec. Il. The bound is saturated iffore equivalent to the calculation of the energy of a domain-
the instanton configuration that interpolates between(the wall junctions, with the solitons corresponding to domain
soliton atT=—c and the(l) soliton atT=c satisfies the walls. The BPS bound on the action is completely specified
two-dimensional BPS equation given in E@.2); in Sec. by the boundary conditions. We have to deal properly with
lIC 2 we will use numerical methods to show that the in- the fact that the direction in our model is compact. In Fig.

1. BPS bound on the tunneling action

stanton is indeed BPS saturated. _ 6 we show the boundary conditions in tket plane; att=
In order to determlne_z the surf_ace terms in _Eim), the  —T/2 the field ¢(x,t) is equal to the(l) soliton, ¢(x,
BPS bound on the Euclidean action can be written as —T/2)=¢,(x), where the(l) soliton is positioned so that it

has its maximum energy density @t 0. Similarly, att=
+T/2 the field ¢(x,t) is equal to the(r) soliton, ¢(x,
+T/2)= ¢,(x), where the(r) soliton is also positioned so
that it reaches its maximum energy densityxat0. We al-
where ways have in mind the limit thal is very large. Forx=
—L/2 andx=L/2, periodic (modulo 27) boundary condi-
tions have to be imposeeh(—L/2t)= ¢(L/2}t)— 2, as the
, (3D space dimension is compact.
The contour of the integrals in E(B2) follows the edges
R of the rectangle in Fig. 6. Special care must be taken with the
and we have used([Ja), as shorthand fo#,a;— d;a,. Then integrals over the vertical edges,at = L/2. Naively, one
application of Gauss’ and Stoke’s theorems converts the sumight think that these contribution vanish, but because both
face integral in EQ.(30) into contour integrals over the the superpotential and the field are multivalued, these inte-
boundaries of the surface, i.e., grals do in fact contribute.

ABpszf dtdx2V-S—(VD&),], (30)

é_{Re(m} - [lm(dx@)
— s a_—

Im(W) Im( o)
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Before calculating the integrals in EQ32), let us first 8rl ’6 1 B)
determine the dominant contribution from the vertical wall in W(x7+iB)=—| £~ +i arctanhh —tanh-
the largel limit. As stated in Sec. Il, this contribution is just 3 2 V3 2
L times the tensiow of the horizontal “wall” in Fig. 6. If L (39
is large, then the absolute value Bf the parameter that
marks the(r) and (l) solitons, becomes large. In fact, the
absolute value oB increases logarithmically with. Except
for points in space near the center of the soliton where th

it is clear that the difference between the two integrands
above does not depend on the functi®(L,t) at all. The
é:ontributionAl is therefore given by

energy density is maximal, the soliton field is approximately 162
equal to+ 7= iB, where the second refers to ther) and 1= (40)
() soliton, respectively. Foé= = /2, there is a solution to V3

the BPS equation that takes the foehs= = 7w+ if (t), where
f(t) — oo for t— * . The tension of the horizontal “wall”

o is equal to the tension of this solution. The leading contri-
bution toAA, linear inL, is therefore

This is justT times the BPS bound on the soliton mass, or
the Euclidean action in the absence of the tunneling transi-
tion

Next, we simultaneously calculate the contributions of the
first integral in Eq(32) over the top and bottom edges of the

(33 rectangle in Fig. 6,

+ ..

327L 1
AA=ogL+---= arctanh —
V3 V3

L/2
A,=2 dx(| —1o— | —_1p0]. (41
where the ellipses indicate subleading termd.inWe will 2 f—uz MOV == MOV = 7l (4D

now uncover these subleading terms, which contribute to the

pre-exponential factor in the tunneling amplitude. We will Here the integrands are just the constants of motion for the

first determine the contributions from the spokes in Fig. 6soliton solutions, so thah,=2I,—21;=4l,, andl, andl,

and then the hub. mark the(r) and the(l) soliton, respectively. Therefore, in
Spoke contributions. We first simultaneously calculate terms ofB(L), the value ofB that marks thér) soliton for a

the contributions of the first integral in E(B2) over the left  compact dimension with circumferente we obtain

and right edges of the rectangle in Fig. 6,
32w 1 B(L)
A,=——L arctanh —tanh——|. (42
V3 V3 2

T2
Alzzf T/Zdt[Re(W)|x:L/2_ ReEOW)|y=—Lr2]- (34
For largeL, such thaB(L)> 2, this reduces té\,= oL, the
dominant contribution to the action that was already obtained
Iin Eq. (33).

Hub contributions.We first simultaneously calculate the
contribution of the second integral in E(R2) over the ver-

d(X+L)=27+ p(x), (35) tical edges in Fig. 6,

In order to calculaté\q, it is necessary to exploit some sym-
metries of the soliton solutions. Apart from the translationa
invariance(modulo 2r7)

the soliton solutions have the following two symmetry prop-  A,= lez Adt[ IM( b3y ) |x— o= IM(P3d) |y — Lso)-
erties: -T2

(43
R L/2+x)]=27—R L/2—x)], 36 . . . .
o X)]=2m—Rd ¢ X)] 36 Using the form of¢ for x==L/2 given in Eq.(38), this
and contribution can be calculated and yields
T2
Im[A(L/12+x)]=Im[H(L/2=X)]. (37) A3=—277J’ dto,B(L,t)=—47B(L). (44)
~TI2

If the symmetry in Eq.(36) is preserved by the instanton ) _ o
configuration, the interpolating field necessarily takes the Finally, we simultaneously calculate the contribution of

form the second integral in Eq32) over the horizontal edges in
Fig. 6,
d(LI2Y)=m+iB(L,t), L2 — —
(39 A4:f dXIM( )| i= —1/2— IM(PIxd) |i=712].
H(—LI2t)=—m+iB(L,t), TL2 45

at the left and right edges of the rectangle in Fig. 6xat  The (1) and (1) soliton are mapped onto each other by the
+L/2, whereB(L,t) is a function interpolating between {ransformation

—B(L) att=—T/2 andB(L) att=T/2. However, from the
identity Im[ ¢(x)]— —Im[ p(X)]. (46)
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S(L)y=2mlogL+---, (51
B(L) and

B(L)=logL+:--, (52

(r) Soliton  \we opserve that the hub contribution depends logarithmi-
Im(¢) cally onL, in contrast with the situation for the domain-wall
junctions in models with infinite space dimensions, for ex-
ample those considered [i1,12, where the hub contribu-
tion to the energy of the junction is finite. The difference is
“““““ - that for those models the energy density falls off exponen-
tially fast away from the domain walls, whereas in the
present model the energy density only falls off like the sec-
FIG. 7. The(r) and(l) solitons and the instanton in the complex ond power of the inverse distance to the wall. The circum-
¢ plane (compare Fig. 6 for the same configuration on the worldferencelL of the compact dimension in a sense acts like an
sheel. The areeS(L) is indicated by the shaded region. infrared regulator. In the largé limit, the dominant and
subdominant terms in the tunneling action are given by
At the top and bottom edges of the rectangle in Fig. 6, the

<—r) where the ellipses indicate terms that are finite or suppressed.

field ¢, therefore, takes the form 327 1
AA~ —L arctanh——4mxlogL+---, (53
B(x,TI2)=a(x)+ib(x), V3 V3
b(x,—TI2)=a(x)—ib(x) (47) where the subdominant term contributes to the pre-

exponential factor in the tunneling amplitude.

where a(x) and b(x) are real, anda(*xL/2)==x7 and b

(+L/2)=B(L). The integral can now be calculated and 2. BPS saturation of the instanton configuration

yields The calculation in the previous section of the tunneling
Lo action hinges on the question whether a BPS saturated in-

Ay= _ZJ dx(adb—bd,a)=4mB(L)—2S(L), stanton co_nﬂgurauon exists. Thg expll_cn form of such a con-
L2 figuration is not needed. In this section we use numerical

(48)  analysis to address the question if a BPS saturated instanton
configuration exists in this specific model. In order to nu-

where merically determine the instanton configuration, we embed-
ded the model ind=2+1 dimensions. One of the space
L/2 x=L/2 1 - . . . .
S(L)=2f dx bd a=2f dab=2f dab dimensions is compact and the other space dimension repre-
~L/2 X x=—L/2 . sents the original Euclidean time. The new time is just an

(49 auxiliary construction. An initial configuration smoothly in-
terpolates between th®) and(r) solitons. The second-order
is the area in the comple® plane between thd) and (r)  equations of motions are then evaluated and at the same time
soliton configurationgsee Fig. 7. the system is cooled. The instanton configuration then
The hub contribution to the action is thus seen to be equadémerges as a domain-wall junction.

to minus twice the area traced by the instanton in the com- We simulated the second-order equations of motion on a
plex ¢ plane, A ,=As+A,=—2S(L). In Ref.[9] it was Ilattice using a forward predicting algorithm similar to the
shown, within the context of domain-wall junctions, that this one used if11,12. A complication arises due to the fact
result is valid in general and goes beyond the specific modehat both space and the target space have the topology of a
we consider here. We also note thaf,, is negative, in  cylinder, so that proper periodic boundary conditions had to
agreement with the general considerations in REZ]. The  be implemented.

total semiclassical Euclidan tunneling action is The lattice spacing was chosen to be much smaller than
the width of the solitons. At the same time the size of the
AAgps=Ar+Azt+Ay, lattice was taken to be much larger than the soliton width.
We performed the numerical calculation of the tunneling ac-
Z?’Z_WL arctan?(itanhB(L)) —25(L). (50) tion .for values ofL _ranging fr(_)mL=2 up .to L=6. Tr_]e
V3 2 semiclassical tunneling action is only physically meaningful

for larger values ofL. However, the computation time in-
We have calculated each contribution in terms of the funccreases rapidly with.. As shown in Fig. 8, the calculated
tions B(L) and S(L). These functions depend only on the value for the tunneling action with the numerically deter-
initial and the final soliton configuration. In the largdimit mined instanton configuration saturates the BPS bound in
they take the form Eqg. (50). As there is no reason to think otherwise, we are
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we can define our quantum-mechanical varigblsuch that
150 B is the value of Img) [for definiteness, at Re{j=*]. At
the classical equilibrium
125
==+ + >1).
100 Bo log(L/B)+const (L>1) (56)
The positive value 0B, corresponds to thé) soliton, the
75 negative to thél) soliton. Both are classically BPS saturated.
50 - Numerical To roll over from positive to negativ8, the system has to
tunnel under the barrier &=0.
25t —— Analytical Before passing to the discussion of supersymmetric quan-
tum mechanics for the variabl we have to present a few
D) 3 4 5 6 formula from Sec. Il in a modified form which includes the

parameteB, see Eq(54).
FIG. 8. Comparison between the BPS bound on the tunneling The superpotential with the additional paramesetakes
action from Eq.(50) (solid line) and the actual semiclassical tun- the form
neling action from the numerical calculatigdots. It is clear that

the actual instanton configuration saturates the BPS bound. S 2+ ¢
. . . = \/__zarcta \/ﬁtang . (57)
confident that this saturation also occurs for larger values
of L. The poles of the scalar potential are located on the imaginary
axis at
IV. QUANTUM-MECHANICAL DESCRIPTION
. iy 2 / 2
Under certain conditions on the superpotenialand the dp==*ilog—|1+\/1— ’B_) , (58)
Kahler potentialfC, if it is nontrivial) it may be possible to B 4

develop aquantum-mechanicalescription of the tunneling
of the distinct solitons resulting in the loss of their BPS
saturation. Such an approach is valid provided there is
certain direction in the functional space which is much softer 1672
than all other “perpendicular” directions, and the tunneling Mpgps=Z=

occurs in this “soft” direction. Then all “perpendicular” V4— B2
degrees of freedortthere are infinitely many of thencan be _ ) o _
integrated out and what is left is the quantum-mechanicafinally, in the limit of largeL the sphaleron energy is equal
motion of the center of mass plus the quantum-mechanicdP

dynamics of this particular soft degree of freedom. The mo-

so at smallg they move further away from each other. The
gnergy of the classical BPS saturated soliton is

—8m? at B—0. (59)

tion of the center of mass is irrelevant, of course. It is always Mo Mo 32w arctar‘\/z_ B
assumed that the soliton is at rest. sphal™ 8PS - a— g2 "B

The example considered in Sec. Ill contains no adjustable
parametergexceptL), so that one does not expect to find a 16m 2+ B+\B 1642 L
specifically soft excitation mode in the soliton background. + 2139 5= + 21 B)2
Therefore, in this case the quantum-mechanical description A 2+p \/E (2+h)
(with one bosonic variabjevould describe the system only —Mpgps+4m2L+const at 3—0. (60)

qualitatively. It is not difficult, however, to modify the su-
perpotential to create a soft mode. To this end, let us conWe recall that the difference between the sphaleron energy

sider the superpotential and the classical soliton mass measures the height of the
tunneling barrier. The tunneling action as a function®f
4 becomes
V=2 B cosd 4 59
327L 2-B 4

which introduces a parametg in the superpotential17), AA= \/4__I82arctanh _2+/3H87TL |OQE at g—0.
without changing anything else. At very smalland largel, (61)

4 i .

log—=>1>1, (55) Now we pass to the quantum-mechanical treatment. Tq
B begin, let us recall some general aspects. A general algebraic

consideration of the BPS soliton dynamics in the extreme
the x dependence of the imaginary part¢foecomes weak, nonrelativistic limit is carried out if16]. We will adapt it
and the softest mode corresponding to varying ginis  here for our purposes.
much softer than all other modes(We treatL as a fixed The superalgebra we deal with has four supercharges and
parameter, whilg3 can be made as small as desifedThen  a central charg& (the latter is real in the problem at hand
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In the extreme nonrelativistic limit it can be represented agoes to zero at =1. [To see that this is the case, one

[16] (in the soliton rest-frame should inspect the exact expression By rather than the
L 5 asymptotic form in Eq(65) valid at largeL.] Below this
Qi=\2Zm®ozt, Qi=\2Zm@ast -, point B5<0, and the Hamiltonian has no supersymmetric

solution at the classical level. The Witten index of the system
Q1=I®L[ W (B)os] under cor?s_ideraztion is zero. _ _
1 2Jm Poy T2l At positive B§ there are two classical solutions of the
equationW'’ =0, corresponding to two classical vacua. The
tunneling between them was thoroughly studied, see, e.g.,

Q2=1® L\/_[pgz_wf(g)gl], (62)  [18]. The one-instanton action is obviously
2ym

where 4k
Ainsi=[W(B=|Bo|) ~W(B=—[Bo|) =AW= —[Bq|*.

p=—id/dB 65)

and m is an effective inertia coefficient for the variabie

(“mass”). The dots in the first line in Eq62) stand for . L . .
The instanton transition is accompanied by a fermion zero

higher-order terms in the nonrelativistic expansion. More- . ) .
over,W(B) is the quantum-mechanical superpotenfiait to mc_;de, which suppresses all one-instanton ampllltudes. The
’ shift of the ground state from zero is given by the instanton—

be confused with the field-theoretic superpotentidl. The anti-instanton transition and is proportional to exfy )
algebra(62) has, as its subalgebra, Witten’s quantum me-5; '~ ; . ins
9 (62 9 g (for further details se¢18]). This can also clearly be seen

chanics[17]. o . )

In principle, W(B) could be calculated from the underly- from the Hamiltonian(63) which has a strictly conser_v_ed
ing field theory, in the same way as it was done in a relatedUantum numbe_r[a3,H]=O. The one-instanton transt|on
problem in Ref[16]. We will not do this calculation in full, Would flip the spin. The ground state of the Hamiltoni&g)

' Iis doubly degenerate, with one spin-up and one spin-down

since our purpose here is mainly illustrative. Instead, we wil ¢ It include. in additi
present a simplified superpotential which properly convey$tate Of energie~exp(—2Apg). If we include, in addition,

qualitative features of the actual superpotentidl) the ex- Lhe rephcqnor(whlch was mﬁntlorr]wed abo)lllelue t% the ]EWO'

potentia); (ii) the existence of the barrier & near zero, is four, as it must_ be in any non-BRE=2 s_upermultlplet.
with the maximum at zero, and with the height coinciding To conclu_de this section, we stress again that although the
With M g Z=42L. superpotential specified in Eq€.3) a.nd(65) correctly repro-
The gorresponding superpotential and Hamiltonian havéj.uces gross featurgs of the tunnelllng pheno.menor), I 1S dgf"
the form nitely not the genuine superpotential that might arise in this
problem should we decide to actually calculate it. In particu-
lar, it vanishes at smaj$ only logarithmically, while actually
3 one could expect a power-type suppression.

B 2
w=k| — — +B2B]|,

3
V. CONCLUSIONS
2
H= p_+ i(w,)er LUSWH, .In a previqus quk, Refl5], it was observed that in cer-
2m  2m 2m tain (1+1)-dimensional models witth'=2 supersymmetry

(63 and a compact space dimension, tunneling between two dis-

tinct, classically BPS saturated solitons lifts their mass above

where the BPS bound. The two shortened multiplets combine to
form one regulat’/=2 multiplet. One of the main new as-

Bo=logL/, sertions in this paper is that the instanton that interpolates
log 4/3 between the solitons in the Euclidean time is a 1/4 BPS
=67l —5—, (64) saturated “domain-wall junction.” The semiclassical instan-
log”L/B ton action is determined by two central charges in the super-
) symmetry algebra. The action can therefore be determined
m= 2 log=4/p solely from the solitons that are connected by the instanton;
2 " log’L/IB" an explicit instanton solution is not necessary.

Under certain conditions the description of the tunneling
(Note that the overall two-by-two unit matrix following from petween the solitons in the field theory can be reduced to a
the second line in Eq62) is omitted inH. Its just replicates  nonrelativistic supersymmetric quantum-mechanical model.
the states, in two copies each. We will keep it in mind.  This approach is valid if the direction in the functional space
Bj is a function ofL, which is logarithmically large and in which the tunneling takes place is much softer than all
positive at largeL. As L decreasesBS decreases too, and other directiongexcept for the zero modgsyet the tunnel-
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ing action is large. The internal coordinate along this direcimined the parameters of a toy superpotential that is similar to
tion then forms the one remaining degree of freedom after althe actual superpotential in all important features.
hard degrees of freedom have been “integrated out.”
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