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Leaving the BPS bound: Tunneling of classically saturated solitons
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We discuss quantum tunneling between classically Bogomol’nyi-Prasad-Sommerfield~BPS! saturated soli-
tons in two-dimensional theories withN52 supersymmetry and a compact space dimension. Genuine BPS
states form shortened multiplets of dimension two. In the models we consider there are two degenerate
shortened multiplets at the classical level, but there is no obstruction to pairing up through quantum tunneling.
The tunneling amplitude in the imaginary time is described by instantons. We find that the instanton is nothing
but the 1/4 BPS saturated ‘‘wall junction,’’ considered previously in the literature in other contexts. Two
central charges of the superalgebra allow us to calculate the instanton action without finding the explicit
solution ~it is checked, though, numerically, that the saturated solution does exist!. We present a quantum-
mechanical interpretation of the soliton tunneling.
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I. INTRODUCTION

Bogomol’nyi-Prasad-Sommerfield~BPS! saturated topo-
logically stable solitons in supersymmetric theories
widely discussed at present in connection with the br
world scenarios@1,2#. In theories with compact spatial d
mension~s!, two distinct degenerate mass solitons which
BPS saturated classically, and to any finite order in per
bation theory, can mix nonperturbatively, thus lifting th
BPS bound. Two shortened supermultiplets pair up with e
other combining in one full supermultiplet with massM
.uZu, whereZ is the central charge of the superalgebra. T
phenomenon is an analog~in the soliton sector! of the spon-
taneous breaking of supersymmetry due to instantons in
vacuum sector@3,4#. To the best of our knowledge it wa
first considered in the context ofN52 two-dimensional
Wess-Zumino models in@5#.

In this work we address the issue of calculating the s
M2uZu. In the quasiclassical approximation, it is propo
tional to the tunneling probability which, in turn, is dete
mined by instantons. Remarkably, the instanton calculu
this case is nothing but an adaptation of the theory of
BPS saturated wall junctions, which also received much
tention recently@6–12#. In particular, the instanton actio
can be derived from the central charges. The explicit form
for the instanton solution is not needed. The only thing
need to know is the very fact of its existence. This is
perfect parallel with the standard~nonsupersymmetric! in-
stantons: once one knows that the self-duality equations h
a solution, the instanton action is unambiguously fixed
terms of the topological charge.

In Ref. @5# it was observed that the soliton mixing, resu
ing in the loss of the BPS saturation, can be described b
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effective supersymmetric~SUSY! quantum mechanics; how
ever, the general construction presented there, is not
transparent. Here we reduce the construction of Ref.@5# to a
simple limiting case which nicely illustrates the essence
the phenomenon.

The organization of the paper is as follows. In Sec. II w
formulate the problem and elaborate general aspects of
solutions. In Sec. III a specific instructive example is cons
ered. Section IV is devoted to SUSY quantum mechanic

II. FORMULATION OF THE PROBLEM
AND GENERAL RESULTS

Classically BPS saturated soliton supermultiplets wh
may become degenerate in mass with some other super
tiplets and lift the BPS bound because of a nonperturba
mixing, is a rather general feature of various theories.
though our results are applicable in all cases, we find it c
venient to explain the problem in a specific setting.

Consider a two-dimensionalN52 Wess-Zumino mode
of one chiral superfieldF with the superpotentialW(F).
Any model of this type can be obtained as a two-dimensio
reduction of the corresponding four-dimensional theory. T
geometry of the world sheet is a cylinder. As explained
@5#, for the existence of the BPS solitons it is necessary t
W(F) is a multibranch function~otherwise the vanishing o
the central chargeZ cannot be avoided!, while dW/dF must
be meromorphic. Another necessary~and sufficient! condi-
tion for the topologically stable solitons is the existence
noncontractable cycles in the target space. One of the s
plest choices is a target space with the topology of a cy
der, possibly with punctured points. Then the periods ofW
are the central charges of the SUSY algebra,

Zi52 R
nci

dW, ~1!
©2000 The American Physical Society06-1
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wherenci stands for thei th noncontractable contour in th
target space.

If there is at least one noncontractable cycle, one
always defineF in such a way thatdW is periodic

dW~F12p!5dW~F!. ~2!

This particular parametrization is not crucial, and is impos
only for the purpose of making the presentation simpler. T
poles ofdW/dF are assumed to be single poles; quadra
and higher-order poles can be treated as a limiting cas
coinciding single poles. A generic singularity structure
dW/dF is depicted in Fig. 1~a!, where the poles are marke
by bold dots. The Ka¨hler potential is taken to be trivial
K(F,F̄)5FF̄.

Consider the cycleG1 , for which

Z152E
G1

dFS dW
dF D . ~3!

If Z15uZ1ueid , then the equation for the static BPS solito
has the form

dF

dx
5eid

dW̄
dF̄

. ~4!

This equation admits the ‘‘integral of motion,’’

I 5Im~e2 idW!, ~5!

i.e., dI/dx50 whenW andW̄ are evaluated on the solutio
of Eq. ~4!. The existence of this integral of motion allow
one to find the BPS solution in the general case@5#. The
strategy is as follows. We first ignore that the world shee
a cylinder with periodL in the x̂ direction, and solve the BPS
equation without posing the condition of periodicity,F(x
1L)5F(x). The solution found in this way is marked b
the continuous~real! parameterI, and is a periodic function
of x with period

l ~ I !5E dFS eid
dW̄
dF̄

D
F̄5F̄ I ~x!

21

. ~6!

The period functionl (I ) is real and positive. It is not difficult
to show that there exist critical values ofI such thatl (I )

FIG. 1. ~a! The general singularity structure of the quant
dW/dF in the complexF plane;~b! the critical trajectories corre
sponding to infinite periods.
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→` at I↓I * l or I↑I * r , whereI * l ,r mark the critical trajec-
tories running close to the nearest poles ofW from the left
and from the right@Fig. 1~b!#. A schematic plot of the func-
tion l (I ) is presented in Fig. 2.

If the circumference of the worldsheet cylinderL. l min ,
then the equationl (I )5L has an even number of solution
The corresponding valuesI i belongs to the interva
(I * l ,I * r), while F I i

(x), i 51,2,...,2n are the classical BPS
solutions satisfying Eq.~4! and the periodicity condition
F I i

(x1L)5F I i
(x).

In the case at hand they have particle interpretation.
together, we have 2n supermultiplets, each containing tw
states. All masses are degenerate and equal touZ1u.

The BPS nature of the solitons established above at
classical level persists to any finite order in perturbat
theory~this statement assumes that there is a small expan
parameter in the superpotential and/or the Ka¨hler function!.
Alternatively, one can say that 2n BPS solitons remain unde
small deformations of the parameters. This is due to the
that the number of states in the supermultiplet is two, wh
the full N52 supermultiplet contains four states. The BP
supermultiplets are shortened.

It is equally clear, however, that nonperturbatively t
BPS saturation of the solitons under consideration is lift
they pair up to formn full supermultiplets which lift the BPS
bound. This was noted in@5#, where arguments were give
based on the Cecotti-Vafa-Intriligator-Fendly index@13#.
Our task here is to calculateM2uZ1u in the quasiclassica
approximation @which implies of course that (M
2uZ1u)/uZ1u!1#.

The BPS saturation is lifted by tunneling. Consider f
simplicity the case when Eq.~4! has only two solutions,
F I 1

(x)[f1(x) and F I 2
(x)[f2(x). One can construct an

interpolating field configurationf(t,x) ~where t is the Eu-
clidean time! such that in the distant past

f~ t,x! ——→
t52T/2→2`

f1~x!, ~7!

and in the distant future

FIG. 2. The period functionl versusI.
6-2
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LEAVING THE BPS BOUND: TUNNELING OF . . . PHYSICAL REVIEW D 63 025006
f~ t,x! ——→
t5T/2→`

f2~x!, ~8!

The interpolation is smooth@in particular, f(t,x1L)
5f(t,x) for all t#, so that the~Euclidean! actionA

A@f~ t,x!#2uZuT ~9!

is finite. HereuZu is the soliton mass in the absence of t
tunneling. The quasiclassical formalism is applicable p
videdA2uZuT@1. One must minimize over all interpolatin
trajectories; once the trajectoryf0(t,x) corresponding to the
minimal action is found, one can calculate

DAmin5A@f0~ t,x!#2uZuT. ~10!

The shift of the soliton masses from the BPS bound is th

DM5M2uZu}e22DAmin, ~11!

where the factor of 2 in the exponent is due to the ferm
zero modes. We will comment more on this factor in S
IV.

The central result of the present work is as follows. T
determination of the minimizing trajectoryf0(t,x) ~in the
Euclidean time! reduces to the problem of determining th
BPS wall junction in the (112)-dimensional theory, in
which the (111)-dimensional model under consideration
embedded. The embedding is trivial. Indeed, if the origi
model is a (111)-dimensional slice of the four-dimension
Wess-Zumino model, the one in which we embed is a
12)-dimensional slice of the very same model. From t
remark it is clear that the formalism we discuss is applicab
generally speaking, in the supersymmetric theories with
tended supersymmetry (N52 or N54). In fact, since the
solitons—the ‘‘walls’’ and ‘‘wall junctions’’—are static, we
will have to deal with one- and two-dimensional problem
respectively.

The energy distribution for the interpolating configurati
f0(t,x) is schematically depicted in Fig. 3. It is nothing b
an adaptation of the standard four-wall junction on the c
inder world sheet. The equation for the BPS wall juncti
has the form

]f

]z
5

1

2

dW̄
df̄

, ~12!

where z is the complex variablez5x1 i t , and ]z51/2(]x
2 i ] t). The solution to this equation, if it exists, is 1/4 BP
saturated. Equation~12! was first derived in@14#. The fact
that the solution of Eq.~12! minimizes the Euclidean actio
is quite obvious. Indeed,
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A5E dt dxS U]f

]t U
2

1U]f

]xU
2

1U]W
df U2D ,

5E dt dxS 2
]f

]z
2

dW̄
df̄

D S 2
]f̄

]z̄
2

dW
df

D 1surface terms.

~13!

The surface terms are unambiguously fixed by the bound
conditions, Eqs.~7! and~8!, and by the periodicity condition
f(t,x1L)5f(t,x). Thus, the construction is quite analo
gous to the instanton self-duality equation in the Yang-M
theory or the two-dimensionalO(3) sigma model, where the
surface terms are topological charges.

In the supersymmetric model under consideration the s
face terms are proportional to two distinct central charg
which exist in the superalgebra@10#. One central charge is
related to the junction ‘‘spokes.’’ In fact, this was discuss
above, see Eq.~1!. Another central charge is related to th
junction ‘‘hub.’’

In what follows we will assume the circumference of th
world sheet cylinder to be large. This is sufficient to ensu
the applicability of the quasiclassical approximation.

In the quasiclassical limitL→` the central charge relate
to the junction is subdominant. From Fig. 3, it is evident th
at L→` the minimal action is

DAmin5Ls, ~14!

wheres is the tension of the horizontal ‘‘wall,’’

s52~ I * r2I * l !. ~15!

The effect of the ‘‘hub’’ is subdominant, it is proportional t
L0, and may be of the same order as the pre-exponen
factors due to the zero modes. Thus,

FIG. 3. The energy distribution corresponding to the interpo
ing configuration; the unshaded area has the ‘‘vacuum’’ ene
density.
6-3
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M2uZu}e24~ I
* r2I

* l !L. ~16!

In the next section we will consider a concrete model, wh
seems to present an instructive example. In this partic
model we calculate forDAmin both the linear term inL and,
for the sake of completeness, the next-to-leading term a
ciated with the~1/2,1/2! central charge, the ‘‘hub.’’ The re
mainder of the paper presents an illustration and elabora
of the above general results.

III. AN „INSTRUCTIVE … EXAMPLE

In this section we apply the previous considerations t
specific model which was first introduced in@5#. We con-
sider a generalized Wess-Zumino model for which

K~F,F̄!5FF̄, dW5
4p

22cosF
dF, ~17!

wheredW/dF is a single-valued function derived from th
multivalued superpotential

W5
8p

)
arctanS) tan

F

2 D . ~18!

The model possesses only a run-away vacuumuIm(f)u→`. It
is stabilized by solitons, which at the classical level are
lutions to the BPS equation given by Eq.~4!.

The target space has the topology of a cylinder@2`
,Im(f),1`,2p<Re(f)<p#, with the poles of the scala
potential,

~f* !1,256 i log~21) !, ~19!

removed. Each soliton solution belongs to one of three
motopy classes,G1 , G2 , and G3 . Solutions in G1 wind
around the target space cylinder, whereas solutions inG2 and
G3 wind around the points that are removed from the tar
space~see Fig. 4!. Each solution inG1 has a mirror image in
the real axis of the complexf plane that belongs to the sam
class, except for a real soliton, which is invariant under t

FIG. 4. The target space of the model. The three types of n
contractable cycles are indicated byG1 andG2 andG3 .
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transformation. Solutions inG2 are mapped to solutions in
G3 and vice versa. The solutions in all homotopy class
have an equal period,

DW5
8p2

)
. ~20!

As explained in Sec. II, the constant of motionI
5Im(W) ~remember,d50) may be used to mark all solu
tions to the BPS equation. The BPS solitons in homoto
class G2 and G3 are obtained forI P(2`,I * l) and I
P(I * r ,1`), respectively, withI * l52I c and I * r51I c ,
and

I c5
8p

)
arctanh

1

)
. ~21!

The classically BPS saturated solitons in homotopy classG1
are obtained forI P(I * l ,I * r). The period functionl (I ) was
plotted in Ref.@5#; this function is positive, it is symmetric
under reflection inI 50, and it monotonically increases from
l (I )↓0 at I→2` to l→` at I↑I * l . BetweenI 5I * l and I
5I * r , the period function reaches a minimum valuel 51 for
I 50, where the classically BPS saturated soliton is real.

For a given circumferenceL of the compact dimension
the allowed solitons with winding numberN are obtained
from the equationNl(I )5L. The energy of BPS saturate
solitons is independent ofL and given by

MBPS5uZu5
16Np2

)
. ~22!

In this paper we explicitly discuss solitons with windin
numberN51, but the results can be trivially extended
arbitrary values ofN. In the present model, there are tw
BPS saturated solitons ifL,1, one in homotopy classG2
and one inG3 . If L.1 there are four classically BPS sat
rated solitons, two in homotopy classG1 and one each inG2
andG3 .

It turns out that for practical purposes, it is convenient
mark the classG1 solitons by the quantityB, the imaginary
part off when the real part ofs is equal top. There is a one
to one correspondence betweenB and I that takes the form

I 5
8p

)
arctanhS 1

)
tanh

B

2 D , ~23!

so that for the critical solitonsB(6I c)→6`, andB50 for
I 50.

A. Non-BPS solitons forLË1

Even though there are no BPS solitons in homotopy cl
G1 whenL,1, this does not preclude the existence of no
BPS solitons in the same homotopy class. The energy
such objects is above the BPS bound, but they are static
topologically stable.

n-
6-4
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FIG. 5. ~a! Energy of the real, non-BPS soliton as a function of the circumferenceL of the compact dimension; the BPS bound~dashed
line!, the analytical approximationM sol5U1K for smallL ~solid line!, and the actual numerically calculated soliton mass~dots! are shown.
~b! Energy of the sphaleron, the real, unstable soliton forL.1 as a function of the circumferenceL of the compact dimension; the BP
bound~dashed line!, the linear analytical approximation forM sphal for largeL ~solid line!, and the actual numerically calculated sphaler
mass~dots! are shown.
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To address this issue we study static solitons to
second-order equations of motion. The kinetic energy
minimal for the shortest path in the complexf plane, which
means straight lines connecting equivalent points. In ad
tion, the scalar potential has a saddle point at the origin in
target space and has ridges originating from this saddle p
on the real axis. This means that there is a static real solu
to the second-order equation of motion for any value ofL.
For L51 such a solution saturates the BPS bound. FoL
,1, the kinetic energy dominates and the total energy
minimized by the straight line on the real axis in the comp
f plane. Moreover, there are no BPS saturated solitons o
same homotopy class in this regime; the real soliton is sta
because there is nothing to decay into. ForL.1, the kinetic
energy does not dominate any more; there are other s
solutions that are not straight lines in the complexf plane
that actually have lower total energy, the BPS saturated c
plex solitons. In this regime, the real soliton is unstable. W
will discuss it in the next section.

For L!1, the real non-BPS soliton is approximate
given by

f~x!52p
x

L
, ~24!

wherex ranges between2L/2 andL/2. For this configura-
tion, the kinetic energy is given by

K5E
2L/2

L/2

dxS 2p

L D 2

5
4p2

L
, ~25!

while the potential energy is

U5E
2L/2

L/2

dx
16p2

~22cos 2px/L !2 5
32Lp2

3)
. ~26!

For L!1, the energy of the soliton therefore approach
M sol5U1K. In Fig. 5~a! we show the BPS bound and th
approximate soliton energy for smallL, together with the
numerically calculated energy of the non-BPS soliton.
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B. Sphaleron for LÌ1

The real, static solution of the second-order equation
motion persists even forL.1. In this regime, the soliton is
unstable and we will refer to it as a sphaleron, by analo
with the sphaleron in the Yang-Mills theory@15#. As in the
Yang-Mills theory, the sphaleron mass in our problem w
give the height of the barrier under which the solitons~l!
tunnels into~r! and vice versa. Because the solution is re
the second-order equation of motion with vanishing time
rivative can be integrated. In fact, the equation of motion
identical to the equation describing the one-dimensional m
tion of a particle moving in the potential2V(x). The im-
plicit solution for f is

x2x05E
0

f

du/AV~u!1V0, ~27!

whereV0 is an integration constant~equivalent to the total
energy of the particle!. The solutionf(x) is periodic modulo
2p with wavelengthl (V0). The constantV0 has to be ad-
justed so that the wavelength of the solution~which corre-
sponds to the ‘‘time’’ it takes for the particle to move aroun
the circle! is equal to the circumferenceL of the compact
dimension, that isl (V0)5L. This equation has one solutio
for any positive value ofL. The method to determineV0 is
similar to the procedure that was used to selectI in the case
of the BPS solitons. The energy of the real soliton/sphale
is equal to

M sphal5E
2p

p

df2AV~f!1V02V0L. ~28!

This energy can be explicitly determined in various limi
For V0@0, the real soliton of the previous section is o
tained, withAV052p/L ~this corresponds to a particle wit
so much kinetic energy that it hardly notices the potentia!,
whereas forV050 the solution is equal to the real BPS sat
rated soliton withL51 and energy equal to the BPS boun
WhenV0 is close to minus the minimum value of the pote
tial, V0'216p2/9, thenL@1 and the energy increases lin
early in L,
6-5



s

th

th

ed

a

w

fte

ld

u
m

Ac
ne
th

c
th

n-

su

in
all

in-
r,

re-
in-
in
ed
ith
.

t

the

oth
te-

the

ded

D. BINOSI, M. SHIFMAN, AND T. ter VELDHUIS PHYSICAL REVIEW D63 025006
M sphal5
8p2

)
1

16p

3
log
)11

)21
1

16p2

9
L1¯ , ~29!

where the ellipsis indicate terms that vanish in the limitL
→`. ~This last situation corresponds to a particle with ju
barely enough energy to reach the top of the hill!. In Fig.
5~b! we show the mass of the BPS saturated soliton and
approximate sphaleron energy for largeL in Eq. ~29!, to-
gether with the actual numerically calculated energy of
sphaleron.

C. The tunneling action

For any valueL.1, there are four classical BPS saturat
solitons, two in classG1 and one each in classG2 and G3 .
The two solitons in classG1 are marked by values ofB that
have the same magnitude but opposite sign. They
mapped onto each other in the complexf plane by reflection
in the real axis. In order to distinguish these two solitons,
will refer to them as the~l! soliton whenB is negative, and
the ~r! soliton whenB is positive. Tunneling mixes the two
classG1 solitons, and, as a consequence, their mass is li
above the BPS bound. The classG2 andG3 BPS solitons do
not mix; the tunneling action is infinite since the cycle wou
have to be moved across the poles~see Fig. 4!; but the ~l!
and the~r! solitons can be deformed into each other witho
crossing a pole. The energy barrier that separates the
therefore finite, see Fig. 5. In addition, atL@1 the barrier is
high, and the quasiclassical approximation is applicable.
cording to our previous considerations, the two shorte
supermultiplets pair up to form a full representation, and
mass is lifted from the BPS bound.

1. BPS bound on the tunneling action

Here we will derive the BPS bound on the tunneling a
tion for the specific model under consideration using
methodology outlined in Sec. II. The bound is saturated
the instanton configuration that interpolates between the~r!
soliton at T52` and the~l! soliton at T5` satisfies the
two-dimensional BPS equation given in Eq.~12!; in Sec.
III C 2 we will use numerical methods to show that the i
stanton is indeed BPS saturated.

In order to determine the surface terms in Eq.~14!, the
BPS bound on the Euclidean action can be written as

ABPS5E dt dx@2¹W •SW 2~¹W ∧aW !z#, ~30!

where

SW 5FRe~W!

Im~W!G , aW 52F Im~f]xf̄ !

Im~f] tf̄ !
G , ~31!

and we have used (¹W ∧aW )z as shorthand for]xat2] tax . Then
application of Gauss’ and Stoke’s theorems converts the
face integral in Eq.~30! into contour integrals over the
boundaries of the surface, i.e.,
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ABPS52 R SW •dnW 2 R aW •dxW . ~32!

As noted in Sec. II, this is the same equation derived
Ref. @10# for the BPS bound on the energy of domain-w
junctions. In the first integral in Eq.~32!, dnW is an infinitesi-
mal vector perpendicular to the contour with lengthudxW u,
pointing outwards from the enclosed area. In the second
tegral,dxW is an infinitesimal vector tangential to the contou
and the contour must be followed counterclockwise.

The problem of calculating the Euclidean action is the
fore equivalent to the calculation of the energy of a doma
wall junctions, with the solitons corresponding to doma
walls. The BPS bound on the action is completely specifi
by the boundary conditions. We have to deal properly w
the fact that thex direction in our model is compact. In Fig
6 we show the boundary conditions in thex, t plane; att5
2T/2 the field f(x,t) is equal to the~l! soliton, f(x,
2T/2)5f l(x), where the~l! soliton is positioned so that i
has its maximum energy density atx50. Similarly, at t5
1T/2 the field f(x,t) is equal to the~r! soliton, f(x,
1T/2)5f r(x), where the~r! soliton is also positioned so
that it reaches its maximum energy density atx50. We al-
ways have in mind the limit thatT is very large. Forx5
2L/2 and x5L/2, periodic ~modulo 2p! boundary condi-
tions have to be imposed,f(2L/2,t)5f(L/2,t)22p, as the
space dimension is compact.

The contour of the integrals in Eq.~32! follows the edges
of the rectangle in Fig. 6. Special care must be taken with
integrals over the vertical edges, atx56L/2. Naively, one
might think that these contribution vanish, but because b
the superpotential and the field are multivalued, these in
grals do in fact contribute.

FIG. 6. Boundary conditions on the world sheet. The initial~l!
and final~r! solitons are located at the bottom and top sides of
rectangle att52T/2 and t5T/2, with the center of the energy
density positioned atx50. Periodic~modulo 2p! boundary condi-
tions apply to the left and right side of the rectangle. The sha
area significantly contributes to the action.
6-6
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Before calculating the integrals in Eq.~32!, let us first
determine the dominant contribution from the vertical wall
the largeL limit. As stated in Sec. II, this contribution is jus
L times the tensions of the horizontal ‘‘wall’’ in Fig. 6. If L
is large, then the absolute value ofB, the parameter tha
marks the~r! and ~l! solitons, becomes large. In fact, th
absolute value ofB increases logarithmically withL. Except
for points in space near the center of the soliton where
energy density is maximal, the soliton field is approximat
equal to6p6 iB, where the second6 refers to the~r! and
~l! soliton, respectively. Ford56p/2, there is a solution to
the BPS equation that takes the formf56p1 i f (t), where
f (t)→6` for t→6`. The tension of the horizontal ‘‘wall’’
s is equal to the tension of this solution. The leading con
bution toDA, linear inL, is therefore

DA5sL1¯5
32pL

)
arctanhS 1

)
D 1¯ , ~33!

where the ellipses indicate subleading terms inL. We will
now uncover these subleading terms, which contribute to
pre-exponential factor in the tunneling amplitude. We w
first determine the contributions from the spokes in Fig
and then the hub.

Spoke contributions. We first simultaneously calculat
the contributions of the first integral in Eq.~32! over the left
and right edges of the rectangle in Fig. 6,

A152E
2T/2

T/2

dt@Re~W!ux5L/22Re~W!ux52L/2#. ~34!

In order to calculateA1 , it is necessary to exploit some sym
metries of the soliton solutions. Apart from the translation
invariance~modulo 2p!

f~x1L !52p1f~x!, ~35!

the soliton solutions have the following two symmetry pro
erties:

Re@f~L/21x!#52p2Re@f~L/22x!#, ~36!

and

Im@f~L/21x!#5Im@f~L/22x!#. ~37!

If the symmetry in Eq.~36! is preserved by the instanto
configuration, the interpolating field necessarily takes
form

f~L/2,t !5p1 iB~L,t !,
~38!

f~2L/2,t !52p1 iB~L,t !,

at the left and right edges of the rectangle in Fig. 6, atx5
6L/2, where B(L,t) is a function interpolating betwee
2B(L) at t52T/2 andB(L) at t5T/2. However, from the
identity
02500
e
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-

e
l
6

l

-

e

W~6p1 iB ![
8p

)
F6

p

2
1 i arctanhS 1

)
tanh

B

2 D G ,

~39!

it is clear that the difference between the two integran
above does not depend on the functionB(L,t) at all. The
contributionA1 is therefore given by

A15
16p2

)
T. ~40!

This is justT times the BPS bound on the soliton mass,
the Euclidean action in the absence of the tunneling tra
tion.

Next, we simultaneously calculate the contributions of t
first integral in Eq.~32! over the top and bottom edges of th
rectangle in Fig. 6,

A252E
2L/2

L/2

dx@ Im~W!u t5T/22Im~W!u t52T/2#. ~41!

Here the integrands are just the constants of motion for
soliton solutions, so thatA252I r22I l54I r , and I r and I l
mark the~r! and the~l! soliton, respectively. Therefore, in
terms ofB(L), the value ofB that marks the~r! soliton for a
compact dimension with circumferenceL, we obtain

A25
32p

)
L arctanhS 1

)
tanh

B~L !

2 D . ~42!

For largeL, such thatB(L)@2, this reduces toA25sL, the
dominant contribution to the action that was already obtain
in Eq. ~33!.

Hub contributions.We first simultaneously calculate th
contribution of the second integral in Eq.~32! over the ver-
tical edges in Fig. 6,

A35E
2T/2

T/2

dt@ Im~f] tf̄ !ux5L/22Im~f] tf̄ !ux52L/2#.

~43!

Using the form off for x56L/2 given in Eq.~38!, this
contribution can be calculated and yields

A3522pE
2T/2

T/2

dt] tB~L,t !524pB~L !. ~44!

Finally, we simultaneously calculate the contribution
the second integral in Eq.~32! over the horizontal edges in
Fig. 6,

A45E
2L/2

L/2

dx@ Im~f]xf̄ !u t52T/22Im~f]xf̄ !u t5T/2#.

~45!

The ~r! and ~l! soliton are mapped onto each other by t
transformation

Im@f~x!#→2Im@f~x!#. ~46!
6-7
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At the top and bottom edges of the rectangle in Fig. 6,
field f, therefore, takes the form

f~x,T/2!5a~x!1 ib~x!,

f~x,2T/2!5a~x!2 ib~x!, ~47!

where a(x) and b(x) are real, anda(6L/2)56p and b
(6L/2)5B(L). The integral can now be calculated an
yields

A4522E
2L/2

L/2

dx~a]xb2b]xa!54pB~L !22S~L !,

~48!

where

S~L !52E
2L/2

L/2

dx b]xa52E
x52L/2

x5L/2

dab52E
2p

p

dab,

~49!

is the area in the complexf plane between the~l! and ~r!
soliton configurations~see Fig. 7!.

The hub contribution to the action is thus seen to be eq
to minus twice the area traced by the instanton in the co
plex f plane,Ahub5A31A4522S(L). In Ref. @9# it was
shown, within the context of domain-wall junctions, that th
result is valid in general and goes beyond the specific mo
we consider here. We also note thatAhub is negative, in
agreement with the general considerations in Ref.@12#. The
total semiclassical Euclidan tunneling action is

DABPS5A21A31A4 ,

5
32p

)
L arctanhS 1

)
tanh

B~L !

2 D 22S~L !. ~50!

We have calculated each contribution in terms of the fu
tions B(L) and S(L). These functions depend only on th
initial and the final soliton configuration. In the largeL limit
they take the form

FIG. 7. The~r! and~l! solitons and the instanton in the comple
f plane ~compare Fig. 6 for the same configuration on the wo
sheet!. The areaS(L) is indicated by the shaded region.
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S~L !52p logL1¯ , ~51!

and

B~L !5 logL1¯ , ~52!

where the ellipses indicate terms that are finite or suppres
We observe that the hub contribution depends logarith
cally onL, in contrast with the situation for the domain-wa
junctions in models with infinite space dimensions, for e
ample those considered in@11,12#, where the hub contribu-
tion to the energy of the junction is finite. The difference
that for those models the energy density falls off expon
tially fast away from the domain walls, whereas in th
present model the energy density only falls off like the s
ond power of the inverse distance to the wall. The circu
ferenceL of the compact dimension in a sense acts like
infrared regulator. In the largeL limit, the dominant and
subdominant terms in the tunneling action are given by

DA;
32p

)
L arctanh

1

)
24p logL1¯ , ~53!

where the subdominant term contributes to the p
exponential factor in the tunneling amplitude.

2. BPS saturation of the instanton configuration

The calculation in the previous section of the tunneli
action hinges on the question whether a BPS saturated
stanton configuration exists. The explicit form of such a co
figuration is not needed. In this section we use numer
analysis to address the question if a BPS saturated insta
configuration exists in this specific model. In order to n
merically determine the instanton configuration, we emb
ded the model ind5211 dimensions. One of the spac
dimensions is compact and the other space dimension re
sents the original Euclidean time. The new time is just
auxiliary construction. An initial configuration smoothly in
terpolates between the~l! and~r! solitons. The second-orde
equations of motions are then evaluated and at the same
the system is cooled. The instanton configuration th
emerges as a domain-wall junction.

We simulated the second-order equations of motion o
lattice using a forward predicting algorithm similar to th
one used in@11,12#. A complication arises due to the fac
that both space and the target space have the topology
cylinder, so that proper periodic boundary conditions had
be implemented.

The lattice spacing was chosen to be much smaller t
the width of the solitons. At the same time the size of t
lattice was taken to be much larger than the soliton wid
We performed the numerical calculation of the tunneling
tion for values ofL ranging fromL52 up to L56. The
semiclassical tunneling action is only physically meaning
for larger values ofL. However, the computation time in
creases rapidly withL. As shown in Fig. 8, the calculate
value for the tunneling action with the numerically dete
mined instanton configuration saturates the BPS bound
Eq. ~50!. As there is no reason to think otherwise, we a
6-8
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confident that this saturation also occurs for larger val
of L.

IV. QUANTUM-MECHANICAL DESCRIPTION

Under certain conditions on the superpotentialW ~and the
Kähler potentialK, if it is nontrivial! it may be possible to
develop aquantum-mechanicaldescription of the tunneling
of the distinct solitons resulting in the loss of their BP
saturation. Such an approach is valid provided there i
certain direction in the functional space which is much so
than all other ‘‘perpendicular’’ directions, and the tunnelin
occurs in this ‘‘soft’’ direction. Then all ‘‘perpendicular’’
degrees of freedom~there are infinitely many of them! can be
integrated out and what is left is the quantum-mechan
motion of the center of mass plus the quantum-mechan
dynamics of this particular soft degree of freedom. The m
tion of the center of mass is irrelevant, of course. It is alwa
assumed that the soliton is at rest.

The example considered in Sec. III contains no adjusta
parameters~exceptL!, so that one does not expect to find
specifically soft excitation mode in the soliton backgroun
Therefore, in this case the quantum-mechanical descrip
~with one bosonic variable! would describe the system onl
qualitatively. It is not difficult, however, to modify the su
perpotential to create a soft mode. To this end, let us c
sider the superpotential

dW5
4p

22b cosF
dF, ~54!

which introduces a parameterb in the superpotential~17!,
without changing anything else. At very smallb and largeL,

log
4

b
@L@1, ~55!

the x dependence of the imaginary part off becomes weak
and the softest mode corresponding to varying Im(f) is
much softer than all other modes.~We treatL as a fixed
parameter, whileb can be made as small as desired.! Then

FIG. 8. Comparison between the BPS bound on the tunne
action from Eq.~50! ~solid line! and the actual semiclassical tun
neling action from the numerical calculation~dots!. It is clear that
the actual instanton configuration saturates the BPS bound.
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we can define our quantum-mechanical variableB such that
B is the value of Im(f) @for definiteness, at Re(f)56p#. At
the classical equilibrium

B056 log~L/b!1const ~L@1!. ~56!

The positive value ofB0 corresponds to the~r! soliton, the
negative to the~l! soliton. Both are classically BPS saturate
To roll over from positive to negativeB, the system has to
tunnel under the barrier atB50.

Before passing to the discussion of supersymmetric qu
tum mechanics for the variableB we have to present a few
formula from Sec. III in a modified form which includes th
parameterb, see Eq.~54!.

The superpotential with the additional parameterb takes
the form

W5
8p

A42b2
arctanSA21b

22b
tan

f

2 D . ~57!

The poles of the scalar potential are located on the imagin
axis at

f56 i log
2

b S 11A12
b2

4 D , ~58!

so at smallb they move further away from each other. Th
energy of the classical BPS saturated soliton is

MBPS[Z5
16p2

A42b2
→8p2 at b→0. ~59!

Finally, in the limit of largeL the sphaleron energy is equ
to

M sphal5MBPS2
32p

A42b2
arctan

A22b

Ab

1
16p

21b
log

A21b1Ab

A21b2Ab
1

16p2

~21b!2 L

→MBPS14p2L1const at b→0. ~60!

We recall that the difference between the sphaleron ene
and the classical soliton mass measures the height of
tunneling barrier. The tunneling action as a function ofb
becomes

DA5
32pL

A42b2
arctanhA22b

21b
→8pL log

4

b
at b→0.

~61!

Now we pass to the quantum-mechanical treatment.
begin, let us recall some general aspects. A general algeb
consideration of the BPS soliton dynamics in the extre
nonrelativistic limit is carried out in@16#. We will adapt it
here for our purposes.

The superalgebra we deal with has four supercharges
a central chargeZ ~the latter is real in the problem at hand!.

g

6-9
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In the extreme nonrelativistic limit it can be represented
@16# ~in the soliton rest-frame!

Q2
15A2Zt1^ s31¯ , Q1

25A2Zt2^ s31¯ ,

Q1
15I ^

1

2Am
@ps11W8~B!s2#,

Q2
25I ^

1

2Am
@ps22W8~B!s1#, ~62!

where

p52 id/dB

and m is an effective inertia coefficient for the variableB
~‘‘mass’’!. The dots in the first line in Eq.~62! stand for
higher-order terms in the nonrelativistic expansion. Mo
over,W(B) is the quantum-mechanical superpotential~not to
be confused with the field-theoretic superpotentialW!. The
algebra~62! has, as its subalgebra, Witten’s quantum m
chanics@17#.

In principle,W(B) could be calculated from the underly
ing field theory, in the same way as it was done in a rela
problem in Ref.@16#. We will not do this calculation in full,
since our purpose here is mainly illustrative. Instead, we w
present a simplified superpotential which properly conv
qualitative features of the actual superpotential:~i! the ex-
istence of two zeros ofW8(B) at B56uB0u ~double-well
potential!; ~ii ! the existence of the barrier atB near zero,
with the maximum at zero, and with the height coincidi
with M sphal2Z54p2L.

The corresponding superpotential and Hamiltonian h
the form

W5kS 2
B3

3
1B0

2BD ,

H5
p2

2m
1

1

2m
~W8!21

1

2m
s3W9,

~63!

where

B05 logL/b,

k56pL
log 4/b

log3 L/b
, ~64!

m5
9

2
L

log2 4/b

log2 L/b
.

~Note that the overall two-by-two unit matrix following from
the second line in Eq.~62! is omitted inH. Its just replicates
the states, in two copies each. We will keep it in mind.!

B0
2 is a function ofL, which is logarithmically large and

positive at largeL. As L decreases,B0
2 decreases too, an
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goes to zero atL51. @To see that this is the case, on
should inspect the exact expression forB0 rather than the
asymptotic form in Eq.~65! valid at largeL.# Below this
point B0

2,0, and the Hamiltonian has no supersymmet
solution at the classical level. The Witten index of the syst
under consideration is zero.

At positive B0
2 there are two classical solutions of th

equationW850, corresponding to two classical vacua. T
tunneling between them was thoroughly studied, see, e
@18#. The one-instanton action is obviously

Ainst5@W~B5uB0u!2W~B52uB0u!#[DW5
4k

3
uB0u3.

~65!

The instanton transition is accompanied by a fermion z
mode, which suppresses all one-instanton amplitudes.
shift of the ground state from zero is given by the instanto
anti-instanton transition and is proportional to exp(22Ainst)
~for further details see@18#!. This can also clearly be see
from the Hamiltonian~63! which has a strictly conserve
quantum number,@s3 ,H#50. The one-instanton transitio
would flip the spin. The ground state of the Hamiltonian~63!
is doubly degenerate, with one spin-up and one spin-do
state of energyE;exp(22Ainst). If we include, in addition,
the replication~which was mentioned above! due to the two-
by-two unit matrix, we get that the overall number of stat
is four, as it must be in any non-BPSN52 supermultiplet.

To conclude this section, we stress again that although
superpotential specified in Eqs.~63! and~65! correctly repro-
duces gross features of the tunneling phenomenon, it is d
nitely not the genuine superpotential that might arise in t
problem should we decide to actually calculate it. In partic
lar, it vanishes at smallb only logarithmically, while actually
one could expect a power-type suppression.

V. CONCLUSIONS

In a previous work, Ref.@5#, it was observed that in cer
tain (111)-dimensional models withN52 supersymmetry
and a compact space dimension, tunneling between two
tinct, classically BPS saturated solitons lifts their mass ab
the BPS bound. The two shortened multiplets combine
form one regularN52 multiplet. One of the main new as
sertions in this paper is that the instanton that interpola
between the solitons in the Euclidean time is a 1/4 B
saturated ‘‘domain-wall junction.’’ The semiclassical insta
ton action is determined by two central charges in the sup
symmetry algebra. The action can therefore be determi
solely from the solitons that are connected by the instan
an explicit instanton solution is not necessary.

Under certain conditions the description of the tunneli
between the solitons in the field theory can be reduced
nonrelativistic supersymmetric quantum-mechanical mod
This approach is valid if the direction in the functional spa
in which the tunneling takes place is much softer than
other directions~except for the zero modes!, yet the tunnel-
6-10
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ing action is large. The internal coordinate along this dir
tion then forms the one remaining degree of freedom afte
hard degrees of freedom have been ‘‘integrated out.’’

We illustrated the above observations explicitly in a sp
cific model. The semiclassical tunneling action was de
mined in the field theory. We used numerical methods
verify that the instanton indeed corresponds to the 1/4 B
saturated domain-wall junction. We also determined a ra
of parameters for which the tunneling can be described b
quantum-mechanical model. Although possible, in princip
we did not determine the actual superpotential of
quantum-mechanical model in this range. Instead, we de
B
.

K.

et
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mined the parameters of a toy superpotential that is simila
the actual superpotential in all important features.
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